By means of a variational analysis and the theory of variable exponent Sobolev spaces, we study the existence of periodic solutions for a class of nonlocal Hamiltonian systems with p(t)-Laplacian. Some new solvability conditions of periodic solutions are obtained; this unifies and generalizes some of the recent corresponding results in the literature.
Introduction
In this paper, we consider the existence of periodic solutions of the following p(t)-Laplacian Hamiltonian systems:
M( T  |u(t)| p(t) p(t) dt) d dt (|u(t)| p(t)-u (t)) = ∇F(t, u(t)), a.e. t ∈ [, T], u() -u(T) =u() -u(T) = , (.)
where T >  and ∇F(t, u) denotes its gradient with respect to the second variable, that is,
u(t) = u  (t), . . . , u N (t) .
In the sequel, we assume that the variable exponent p(t) ∈ C([, T]; R + ), p(t) = p(t + T),
and  < p -:= min (A) F(t, x) is measurable in t for each x ∈ R N and continuously differentiable in x for a.e.
t ∈ [, T], and there exist a ∈ C(R
+ , R + ), b ∈ L  ([, T]; R + ) such that
F(t, x) ≤ a |x| b(t), ∇F(t, x) ≤ a |x| b(t)
for all x ∈ R N and a.e. t ∈ [, T].
Throughout this paper, we denote the usual norm and the usual inner product in R N , respectively, by | · | and (·, ·). 
Especially, when p(t) ≡  and M(s)
≡
(|u(t)| p(t)-u (t)) = ∇F(t, u(t)), a.e. t ∈ [, T], u() -u(T) =u() -u(T) = . (.)
The operator
It is well known that problems with the p(t)-Laplacian operator possess more complicated nonlinearities than the constant case. Nonlinear problems with a variable exponent Laplacian arise in lots of mathematical physics contexts, such as this type of problems can be applied to describe the physical phenomena with 'pointwise different properties' . The study of boundary problems with p(t)-Laplacian is now an active area of research. In particular, by using critical point theory, considerable attention has been paid to the periodic solutions of problem (.); see [-] .
Since the equations in (.) contain an integral over [, T] , this problem is no longer a pointwise identity. This type of problems are often called Kirchhoff-type or nonlocal problems, they arise in the description of nonlinear vibrations of an elastic string. Chipot and Lovat [] pointed out that this type of problems can be used to model a spreading process of a particular species within the domain, where u is its population density.
Recently, a lot of researchers have investigated p(x)-Kirchhoff-type equations with Dirichlet or Neumann boundary condition; see [-] . However, to the best of our knowledge, there are very scarce papers discussing periodic solutions for system (.).
Motivated by the results mentioned above, we first prove that problem (.) has at least one periodic solution. The periodic solutions which we get appear either as saddle points or as minimizers of the energy functional associated to problem (.). Next, based on the three critical points theorem due to Brezis and Nirenberg, we will obtain the existence of at least two distinct periodic solutions of the problem (.). Finally, when the potential energy term is even, we are going to study the existence of infinitely many periodic solutions of problem (.).
Preliminaries
Now, we recall the properties of the space W ,p(t) T listed for the convenience of the reader. In this section, the definitions and lemmas can be found in [, , ].
Definition . ([]) Let p(t) ∈ C([, T]; R
+ ), and p(t) satisfy(.). Define
with the norm
then v is called the T-weak derivative of u and is denoted byu.
, we write
Applying Lemma ., one has the following.
Lemma . ([])
There is a continuous embedding W
the embedding is compact.
By Lemma . and (.), there exists d  > , such that 
Main results
For our results, the following conditions are assumed for the function M(s).
We assume that F(t, x) = F  (t, x) + F  (x) satisfies the following hypotheses:
[, ∞)), with the properties:
(H  ) There exist constants r >  and γ ∈ [, p -) such that
and C  is a positive constant which satisfies the inequality (.).
First, using the least action principle in critical point theory, we get the first main result.
Theorem . Suppose that assumption (A), conditions (M  )-(M  ) and (H  )-(H  ) hold, then problem (.) has at least one T-periodic solution which minimizes the functional in W ,p(t) T
given by
Next, we obtain the second main result by using the saddle point theorem.
(H  ) There exist constants β ∈ [, p -) and μ >  such that
(H  ) There exists a constant θ > , let 
which is an extension of the usual sublinear growth condition, i.e.
for all x ∈ R N and a.e. . Consider the functions 
In this paper, we generalized (.) to the condition (H  ) or (H  ), and it is easy to see that
has appropriate lower and upper bounds. 
Finally, we shall obtain the existence of multiple periodic solutions for systems (.). For our result, we further assume that the following conditions hold: 
Proofs of Theorem 3.1 and Theorem 3.2
The Euler-Lagrange functional associated to problem (.) is given by
, where we recall that
From the assumptions on M and F, it is standard to check that is continuously differentiable and weakly semicontinuous on W ,p(t) T
. Moreover, we have
Since ω ∈ W ,p(t) T , the T-periodic solutions of problem (.) correspond to the critical points of the functional in W ,p() T . In the sequel, we denote C i (i = , , , , . . .), which are various positive constants. Now we begin to prove our main results.
For
Proof of Theorem . From (M  ), we obtain
By Young's inequality, we obtain 
Similarly, by (H  ) and (.), for any u ∈ W ,p(t) T
, we get
Taking into account (.), (.), and (.) we obtain
It follows from Lemma . that
Combining with the above inequality, condition (H  ) and θ >  imply that (u) → +∞ as u → ∞.
Note that W ,p(t) T
is reflexive Banach space, and the functional is weakly lower semicontinuous, applying the least action principle (see [] , Theorem . and Corollary .), has a minimum point on W ,p(t) T , which is a critical point of . The proof is complete.
Proof of Theorem . Step : We prove that satisfies the (PS) condition. Suppose that
is a (PS) sequence of , that is, (u n ) → , as n → ∞, and { (u n )} is bounded. In a way similar to the proof of Theorem ., we have
It follows from (M  ), (.), and (.) that
for large n. By (.) we have
Combining (.) and (.), we have
, and
Combining (.), (.) (.), (.), and (.), we have
By (H  ) and (.), similar to the proof of (.), one has
In view of (.), (.), and (.), we obtain
Hence, combining (.) and (.), a direct calculation yields
where K is defined as (H  ). We claim that the sequence {u n } is bounded in W ,p(t) T . Suppose that is not the case, passing to a subsequence if necessary, we may assume that u n → +∞ as n → ∞.
Applying Lemma ., we obtain
If |ū n | → +∞ as n → ∞. By (H  ), we obtain h(|ū n |) → +∞ as n → ∞. Exploiting the facts
, p ->  and q + > , using condition (H  ) and (.),
obtain h(|ū n |) → +∞ as n → ∞. From (H  ) and (.), we deduce that (u n ) → -∞ as n → ∞, which is contrary to the boundedness of { (u n )}. Thus, {u n } is bounded in W ,p(t) T . Next, we show that the energy functional satisfies (PS) condition. The sequence {u n } ⊂ W ,p(t) T has a subsequence, also denoted by {u n }, such that
Consequently, we get
is a (PS) sequence of and we have (u n ), u n -u →  as n → ∞, and we have
Using (M  ), we have
Furthermore, since J (u) is a bounded linear function, we get (J (u), u n -u) →  as n → ∞. Thus lim n→∞ (J (u n )-J (u), u n -u) = . By Lemma ., we see that {u n } admits a convergent sequence. Thus functional satisfies condition (PS).
Step : We prove that satisfies the other conditions of the saddle point theorem.
On one hand, for u ∈ W ,p(t) T , similar to the proof of (.), we have
Because of condition (H  ) together with (.), for any u ∈ W ,p(t) T , we have
Therefore, using (.), (.), and (.), we obtain
. Applying Lemma ., one has
So we can conclude that (u) → +∞ as u → +∞.
Thus, there exists a positive constant η, such that (u) ≥ η.
Proof of Theorem . The proof relies on Lemma .. We will consider the functional
F t, u(t) dt.
Then it is easy to see that the critical point of is still the solution of system (.). Condition (H  ) implies () =  and (u) = (-u). Similar to the argument of Theorem ., we see that is bounded from above on W 
F t, u(t) dt
Thus, condition (  ) holds. Now, the functional satisfies all hypotheses of Lemma ., so possesses infinitely many nontrivial critical points. Thus the proof is finished.
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